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The frequency dependence of dynamical conductivity of the quasi-one-dimensional structures with hydrogen
bonds is studied on the basis of pseudospin-electron model. It takes into account the proton-electron inter-
action, external longitudinal ﬁeld h, the tunneling hopping of protons, electron transfer and direct interaction
between protons. The dependences of the electron concentration and mean number of protons at the site on
temperature and external ﬁeld are obtained. The phase transition lines from uniform phase into charge ordered
phase are determined. The dependence of dynamical conductivity on temperature and ﬁeld h and its changes
at the phase transitions are obtained.
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1. Introduction
The properties of molecular and crystalline structures with hydrogen bonds are mainly determined
by the character of proton redistribution on the bonds. We investigate the microscopic mechanisms of
charge transfer in such systems on the basis of the proposed pseudospin-electron model [1, 2] that takes
into account the correlation between the proton displacement and reconstruction of electron states as
well as the change of their occupancy. This interaction manifests itself as a cooperative proton-electron
transfer (PET) in a number of experimental works [3–10] and it follows also from the results of quantum-
chemical calculations [1, 11–13]. Quantum chemical methods allow us to examine these charge redistribu-
tions more in detail. The structural and optical studies of the proton transfer in N -salicylideneaniline [8,
10] show that photochromism and thermochromism in these object arise from a proton transfer that is
accompanied by a conﬁgurational change of electron structure. It was shown that the behaviour of pro-
ton dynamics is quite consistent with the temperature dependence of visible absorption spectra of this
crystal. If we could construct a molecular conductor based on this type of molecules, the charge trans-
port might strongly be modulated by the proton motion. Photoinduced proton-coupled electron transfer
(PCET) is investigated in a number of works [14–17] as one of the mechanisms of energy transformation
in biological and chemical systems. The effect of a such proton-electron coupling plays an important role
in passing a proton through the biological membrane in photosynthesis. The design of an electron-proton
hybrid system using the elements of one-dimensional metal chains, acceptor (or donor) molecules, and
interchain H-bonds are proposed [4]. A newmolecular function is expected to be produced in this system,
if the motion of proton is closely correlated with the dynamics of the 1D electronic states. A similar effect
is observed in the halogen (X)-bridge mixed-valence transition-metal (M) complexes (M-X-complexes) [3].
The M-X-complexes [MA2X]Y2 (M = Pt, Pd or Ni) have a one-dimensional (1D) chain structure and adja-
cent chains are connected by hydrogen bonds. Here X stands for a bridging halogen ion (X = Cl, Br or
J), A for a ligand molecule (e.g. ethylenediamine, cyclohexenediamine), and Y for a counter anion (e.g.
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Y= Br−, ClO−4 ). The location of the protons on N-H-Y induce additional electron charges on the ions M and
at some conditions they form a charge-ordered state (CDW) [3]. It is pointed out that the electron-proton
coupling is capable of controlling the CDW state [18].
Pseudospin-electron model was originally proposed to describe the correlated proton-electron charge
transfer in a single complex with hydrogen bond [1]. This model was later extended to the description of
the charge transfer in the above mentioned quasi-one-dimensional structures with hydrogen bonds. We
examined uniform phases [2]. In this work we investigate the phase transition from uniform phase into
charge-ordered phase in such systems. We study thermodynamic properties and the frequency depen-
dence of dynamical conductivity and its changes at the phase transitions.
2. Hamiltonian
The Hamiltonian of quasi-one-dimensional structures which contains chains with hydrogen bonds
are written down in the form [2]:
Heff =
∑
l
∑
i ,σ
{
(ε−µ)niσ(l)+ g
[
niσ(l)−ni+1,σ(l)
]
Szi (l)
}
+
∑
l ,l ′
∑
i , j ,σ
ti(l ), j (l ′ )
[
a+iσ(l)a j ,σ(l
′)+a+j ,σ(l
′)aiσ(l)
]
+
∑
l
∑
i
ΩSxi (l)
−
∑
l
∑
i
hSzi (l)
−
1
2
∑
l ,l ′
∑
i , j
Ji(l ), j (l ′ )S
z
i (l)S
z
j (l
′). (1)
Here, the summation along the chains (indices i , j ) and the summation over the chains (indices l , l ′) is
performed. Pseudospin operator Sˆi describes the proton position in double potential well on the hydro-
gen bond. We suppose that the transfer along hydrogen bond is dominant: t = ti(l ),i+1(l ) ; niσ is operator
of electron concentration at i lattice site, σ is electron spin, µ is chemical potential of electrons.
The Hamiltonian includes proton-electron interaction (parameter g ), electron transfer (parameter t ),
energy of proton tunneling (parameter Ω), asymmetry of the local anharmonic potential (parameter h).
The last term describes proton-proton interaction.
Pseudospin-electron interaction leads to the effective interaction between pseudospins (between pro-
tons in our case) and as it is shown in [19–21] it can cause the appearance of a modulated phase with
doubling of the initial lattice period and can lead to the corresponding charge modulation. The study of
this phenomenon is the aim of this paper. In a case of double modulation of the lattice period, the crystal
is divided into two sublattices. We introduce the following notations: ηα = 〈S
z
i ,α
〉, nα = 〈
∑
σ
ni ,α,σ〉, (α= 1,2
is the sublattice index). In the mean ﬁeld approximation (MF) and after passing to k-representation the
Hamiltonian (1) has a form:
HMF = Hel+Hsp+U , (2)
Hel =
∑
k ,α,σ
[
ε−µ+ g
(
ηα−ηβ
)]
nk ,α,σ+
∑
k ,α,σ
tk ,α,σa
+
k ,α,σak ,β,σ , α,β,
t 11k = t
22
k = 0, tk ≡ t
12
k = t
21
k =
∑
i(l )− j (l ′ )
t 12i(l ), j (l ′ ) exp
{
i~k
[
~Ri(l ),1 −~R j (l ′),2
]}
,
Hsp =
∑
l
∑
i ,α
{
ΩSxi ,α(l)−
[
h+ jηβ− g
(
nα−nβ
)]
Szi ,α(l)
}
,
U =
1
2
N jη1η2 −
N
2
g (n1−n2)(η1−η2), J =
∑
l ′
∑
j
Ji(l ), j (l ′ ) .
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The electronic part of Hamiltonian (2) is diagonalized by unitary transformation
ak ,1,σ = a˜k ,1,σ cosϕ+ a˜k ,2,σ sinϕ,
ak ,2,σ =−a˜k ,1,σ sinϕ+ a˜k ,2,σ cosϕ, (3)
cos2ϕ=
−g (η1−η2)√
g 2(η1−η2)2+ t
2
k
, sin 2ϕ=
tk√
g 2(η1−η2)2+ t
2
k
.
Thus, we obtain:
Hel =
∑
k ,α,σ
(Ek ,α−µ)n˜k ,α,σ , (4)
Ek ,α = ε+ (−1)
α
√
g 2(η1 −η2)2+ t
2
k
.
The spin part of Hamiltonian is diagonalized by unitary transformation:
Sxi (l) = S˜
x
i (l)cosψ+ S˜
z
i (l)sinψ,
Szi (l) = −S˜
x
i (l)sinψ+ S˜
z
i (l)cosψ,
cosψα =
[
h+ Jηβ− g
(
nα−nβ
)]
/λα,sinψα =Ω/λα .
In this case:
Hsp =−
∑
l
∑
i ,α
λαS˜
z
i ,α(l), (5)
λα =
√[
h+ Jηβ− g
(
nα−nβ
)]2
+Ω2.
3. Thermodynamic properties
Using formulae (2)–(5), we can write the equations for electron concentration nα and the average
mean of pseudospins ηα in sublattices:
nα =
1
N
2
∑
k ,α,σ
(
1+cos 2ϕ
2
{
1+exp
[
β
(
Ek ,α−µ
)]}−1
+
1−cos 2ϕ
2
{
1+exp
[
β
(
Ek ,β−µ
)]}−1)
, (6)
ηα =
h+ Jηβ− g
(
nα−nβ
)
2λα
tanh
(
λα
2kT
)
. (7)
From all the possible solutions of equations (6)–(7) we choose the ones that correspond to the mini-
mum of grand canonical potential Φ in regime of µ = const or minimum of free energy F = Φ+µN in
regime n = const. In the MF-approximation:
Φ = −2kT
∑
k
ln
({
1+exp
[
−β
(
Ek ,1−µ
)]}{
1+exp
[
−β
(
Ek ,2−µ
)]})
−
1
2
kT N ln
[
4cosh
(
λ1
2kT
)
cosh
(
λ2
2kT
)]
+
1
2
N Jη1η2 −
1
2
N g (n1 −n2)
(
η1 −η2
)
. (8)
From the relations (6)–(7) we obtain the equations for δn =n1−n2 and δη= η1−η2 , which can play a
role of the order parameter for a modulated phase. Using these equations we obtain the condition of the
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appearance of nonzero solutions for δn and δη, and the equation for temperature of the second order
phase transition to the modulated phase.
2
λ2
[
Ω
2
λ
〈σz〉+
1
kT
(
h+ Jη
)2 (1
4
−〈σz〉2
)]
×
[
1
2
J −
4
N
∑
k
g 2
tk
δη
({
1+exp
[
β
(
ε−|tk |−µ
)]}−1
−
{
1+exp
[
β
(
ε+|tk |−µ
)]}−1)]
+1= 0.
(9)
Here:
n =
n1 +n2
2
, η=
η1 +η2
2
, 〈σz〉 =
1
2
tanh
(
λ
2kT
)
, λ=
√
(h+ Jη)2+Ω2.
At certain conditions, the order of phase transition can change from the second to the ﬁrst one. The
phase transition lines of the ﬁrst and second order from the uniform phase to the phase with double
modulation are shown in ﬁgure 1: (a) for different values of the chemical potential µ, (b) for different
values of parameter J and for Ω = 0 and Ω = 0.05 eV cases. Transition point of the ﬁrst kind deﬁned by
numerical calculation as the point at which the requirement of minimum for thermodynamic potential
with changing the parameters of the model is transition from a homogeneous solution n1 =n2, η1 = η2 to
the modulated with different from zero δn and δη. The lines of phase transitions (PT) of the second order
are shown bold and the lines of the ﬁrst order PT are thin. The splitting of the electron band at phase
transition is shown in ﬁgure 2. The temperature dependences of mean numbers of electrons of sublattice
n1, n2, and uniform phase n0 also, along the phase transition line are shown in ﬁgure 3. The temperature
dependences of mean values of pseudospins η1, η2, η0 are illustrated in ﬁgure 3 as well. The temperature
dependences of δn(T ) and δη(T ) are illustrated in ﬁgure 4. These results are obtained for the following
values of parameters: g = 0.08 eV, t = 0.05 eV, J = 0, µ = 0, Ω = 0 and Ω = 0.05 eV. The results for J , 0,
µ, 0 are presented in ﬁgure 1. Such a choice of the parameter values corresponds to the ones given in [1].
All energy characteristics (T,h,E , g , t , J ,µ,Ω) are in eV units.
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Figure 1. The phase transition lines of the ﬁrst and second order from the uniform phase to the phase with
double modulation: (a) for different values of the chemical potential µ: 1, 2, 3, 4 — µ= 0,0.05,0.08,0.12 eV
(Ω= 0, J = 0), (b) for different values of parameter J : 1, 2, 3, 4 — J = 0,0.05,0.1,0.2 eV (Ω= 0.05 eV, µ= 0).
Parameters T,h are in eV units.
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Figure 2. The splitting of the electron band: (a) along the phase transition line (b) for h = 0 in charge
ordered phase, Ω= 0, (µ= 0, J = 0). Parameters E ,T are in eV units.
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Figure 3. The temperature dependence of mean numbers of electrons of sublattice n1 , n2 , and uniform
phase n0 and temperature dependence of mean values of pseudospins η1, η2, η0 along the phase transi-
tion line, Ω= 0, (µ= 0, J = 0).
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Figure 4. The temperature dependence of the values δn and δη along the phase transition line, 1 —Ω= 0;
2 —Ω= 0.05 eV, (µ= 0, J = 0).
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4. Dynamic conductivity of quasi-one-dimensional structures
with hydrogen bonds
Calculation of the dynamic conductivity of the structure which possesses the chains with hydrogen
bonds was carried out according to Kubo formula [22]
σ(ω,T )=
1
N a
∞∫
0
dt exp[i(ω+ iε)t ]
β∫
0
dλ
〈
jˆ (t − iħλ) jˆ (0)
〉
, (10)
where jˆ is the current density operator
jˆ (0)=
i
ħ
[Hˆ , dˆ ], (11)
dˆ is dipole momentum operator
dˆ = (−e)
∑
l
∑
i
Ri (l)ni (l)+ z
eff
H δ
∑
l
∑
i
Szi (l),
that includes electronic and pseudospin (ionic) part. Here δ is the distance between equilibrium positions
of a proton on the bond, δ≈ 0.40 Å. According to quantum-chemical calculations, the effective charge of
hydrogen zeff
H
is equal to zeff
H
≈ 0.25e
j (t)= e
i
ħ
H t j (0)e−
i
ħ
H t . (12)
In the molecular ﬁeld approximation, the operator of current density is split into electronic and pro-
ton (pseudo-spin) parts
jˆ = jˆe + jˆsp . (13)
The following expressions are obtained for these composites:
jˆe = −
2e
ħ
∑
k ,α
[
∂Eα(k)
∂kz
− (−1)α2Eα(k)F (k)
]
a+k ,αak ,α
+
2e
ħ
∑
k
F (k) [E1(k)−E2(k)](a
+
k ,2ak ,1+a
+
k ,1ak ,2), (14)
jˆsp =
δ
ħ
ΩzeffH
∑
l
∑
i ,α
S
y
i ,α
(l). (15)
Calculation of correlation functions in the expression (10) with the use of the Wick’s theorem yields
the following expressions for a real part of conductivity:
σ=σe+σsp , (16)
where the electronic part has a form:
σe(ω) =
4pie2
N aħ2
β
∑
k ,α
[
∂Eα(k)
∂kz
− (−1)α2Eα(k)F (k)
]2 eβ[Eα(k)−µ]{
1+eβ[Eα(k)−µ]
}2 δ(ω)
+
4pie2
N aħ2
∑
k
F (k)2 [E2(k)−E1(k)]
eβ[E2(k)−µ]−eβ[E1(k)−µ]{
1+eβ[E1(k)−µ]
}{
1+eβ[E2(k)−µ]
}
×
[
δ
(
ω+
1
ħ
[E2(k)−E1(k)]
)
+δ
(
ω−
1
ħ
[E2(k)−E1(k)]
)]
. (17)
Here
F (k)=−
1
2
g
(
η1 −η2
)
t ′
k
g 2
(
η1 −η2
)2
+ t 2
k
.
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Figure 5. Frequency dependence of the electronic
part of conductance: 1 — before phase transition
(uniform phase), 2, 3 — after phase transition
(modulated structure) along the phase transition
line; 2 — Ω= 0.05 eV, 3 — Ω= 0; µ= 0, J = 0.
Figure 6. Frequency dependence of the elec-
tronic part of conductance with different values
of proton-proton interaction (parameter J ), h = 0,
µ = 0, T = 0.03016 (350 K): J = 0;0.05;0.14; 1 —
Ω= 0; 2 — Ω= 0.05 eV.
For the protonic part of conductivity we obtain:
σsp(ω)=
pi
2a
(
δ
2ħ
zeffH Ω
)2∑
α
1
λα
1−e−βλα
1+e−βλα
[δ(ω−λα/ħ)+δ(ω+λα/ħ)] . (18)
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Frequency dependence of the electronic part of the dynamical conductivity along the phase transi-
tion line is shown in ﬁgure 5, curve 1 — before phase transition (uniform phase), curve 2, 3 — after
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Figure 7. Frequency dependence of the electronic part of
conductance with different values of chemical potential
µ; h = 0, J = 0, T = 0.03016 (350 K): µ = 0.05;0.07;0.078;
1 — Ω= 0; 2 — Ω= 0.05 eV.
phase transition (modulated structure). At
the phase transition from uniform to modu-
lated structure, the conductivity σe(0), when
ω= 0, is abruptly reduced by two to three or-
ders of magnitude at low temperatures and
with increasing temperature the value of the
jump decreases. Electronic conductivity has
one peak (at ω = 0) in uniform phase, (one
electronic band is present). We observed the
splitting of the electron band in a modu-
lated phase, and electronic conductivity has
a broad maximum in the frequency region
ω = 1
ħ
[E2(k) − E1(k)] as well as a peak in
ω = 0. This broad maximum is placed in
the lower frequency regions for structures
with the high proton tunneling frequency
and stronger direct interaction between pro-
tons. The static conductivity σe(0) in a mod-
ulated phase increases with temperature.
The dynamical conductivity σe(ω) decreases
with increasing temperature and its maxi-
mum shifts to a lower frequency region and
vanishes at the critical temperature when
there is no modulation. In a homogeneous
phase, only one peak remains at ω = 0. The
change of the frequency dependence of the
dynamical conductivity with the parameters
J and µ is shown in ﬁgure 6 and ﬁgure 7,
(here we consider the case h = 0 ). Maximum
of the dynamical conductivity decreases and
shifts to lower frequency region with an in-
crease of J and µ. Critical values of these pa-
rameters exist (see ﬁgure 1) when the mod-
ulated phase vanishes and there remains
only a peak at ω = 0. The temperature de-
pendence of electronic conductivity σe(0) is
shown in ﬁgure 8. This part of the conductiv-
ity is higher for systems with larger proton
tunneling frequency and it increases with an
increase of the parameters J . Conductivity
value is presented in relative units.
Proton dynamic conductivity has peaks
at frequencies ωi =
λi
ħ
corresponding to pro-
tons energies λi on hydrogen bonds. One
peak (λ0) exists in case of homogeneous
phase and two peaks (λ1, λ2) are present for
the case of a modulated structure. The de-
pendence of the energy λi on temperature
and asymmetry ﬁeld h along the phase tran-
sition line is shown in ﬁgure 9.
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Figure 8. Temperature dependence of the electronic part of conductance of the modulated structure
σe(0); µ= 0; h = 0; 1, 2 — J = 0; 3 — J = 0.05; 4 — J = 0.12; 1 — Ω= 0; 2, 3, 4 — Ω= 0.05 eV.
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Figure 9. The dependence of the peak-frequencies of the proton dynamical conductivity on temperature
and longitudinal ﬁeld along the phase transition line; λi =ħωi ;µ= 0; J = 0; (a) —Ω= 0; (b) —Ω= 0.05 eV.
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5. Conclusions
The possibility of the ﬁrst or the second order transitions fromuniform phase into phase with doubled
lattice period in the quasi-one-dimensional structures with hydrogen bonds is studied in the framework
of the proposed pseudospin-electron model. It was shown that pseudospin-electron (proton-electron) in-
teraction may cause the appearance of charge ordered phase in the structures with hydrogen bonds. The
electron spectrum is calculated. The dependences of the splitting of the electron spectrum on temperature
and asymmetry ﬁeld are investigated. The dependences of the electron concentration and mean number
of protons at the site on temperature and asymmetry ﬁeld were obtained. It was shown that abrupt
changes of these characteristics at the ﬁrst-order transitions are smaller for the structures with high pro-
ton tunneling frequency and stronger direct interaction between protons. The phase transition lines from
uniform phase into charge ordered phase are determined. The dependences of the dynamical conductiv-
ity on temperature and external ﬁeld and its changes at the phase transitions are obtained. At the phase
transition from uniform to modulated structure the static conductivity σe(0) is abruptly reduced by two
to three orders of magnitude at low temperatures and with increasing temperature the value of the jump
decreases. Electronic conductivity has one peak at ω= 0 in a uniform phase. In modulated phase, the dy-
namical electronic conductivity has a broad maximum as well as a peak at ω= 0. This broad maximum
is placed at lower frequencies for the structures with high proton tunneling frequency and stronger di-
rect interaction between protons. It was shown that the frequency dependence of the proton dynamical
conductivity has one peak in a uniform phase and two peaks in the charge modulated phase. The model
can be applied to a description of quasi-one-dimensional structures, the so-called halogen-bridge mixed-
valence transition-metal complexes [3] in which there are charge modulated states.
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Phase transitions and dynamical properties
Фазовi переходи i динамiчнi властивостi
квазiодновимiрних структур з водневими зв’язками
Р.Я. Стецiв
Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв
На основi псевдоспiн-електронної моделi дослiджено частотну залежнiсть динамiчної провiдностi квазiо-
дновимiрних систем з водневими зв’язками. В моделi враховано протон-електронну взаємодiю, зовнiшнє
поздовжнє поле h, тунелювання протонiв, електронне перенесення i пряму протон-протонну взаємодiю.
Отримано залежнiсть електронної концентрацiї i середньої заселеностi протонних позицiй вiд темпера-
тури i поля h. Отримано лiнiю фазових переходiв з однорiдної фази до фази з модуляцiєю заряду. Дослi-
джено залежнiсть динамiчної провiдностi вiд поля h i температури та її змiни при фазових переходах.
Ключовi слова: псевдоспiн-електронна модель, протон-електронна взаємодiя, водневий зв’язок,
провiднiсть
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